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- Introduction to Theory of Operator Algebras with Applications to Mathematics and Physics
Nikolay M. Nikolov
Lecture 2

Eémen{'mrg {heorg of fx—a%zbms /C*—q,,ui/pr

s__z_ef (2) Involbutive algebra (unborwrubra anrepa) | or also
*-a/febm , or star—a%/ﬁm /jfgga—mzeg}m) A

(s a complex associative a%@bm endowed with /cﬁa%eﬁa c) a map

a—a¥ /f/ae ﬂ) whlch s

antilinear : (xa-(-ﬂb)*z <a*+t p b* (’v’a)196V4>

invobutive (or, invobution): (a%)*= a (l/ag%?)

anéimorphlsm : [a-b)*= b*-a* (Va)/oéﬂ)

Mar/v/usm of *méeéms i a mar/oﬁlsm v A— B st
pla*) = p(a)* <V016V4>

M" ("= 1 sine [*a = [*a** = (a"”*:a‘*-—*q and

a{*: amﬁl*z (ja&)" - a'H‘-__.a

(b) - a/geém /C"-anzegpa) is a Banach azﬂebm st
|a* al = ”a“l (Vae (/4> ~ the C*~norm fd!M?l/'Yi?

Note - As A Consequence we have : Nal = lla*]l <Vaép4—> :
fal*= fo<all < fa*lllal = Jal < la*l (Yacd).
ﬁpp&?{iv\% this rf'vr a* we ge% [a*] < [la**| = |||

Another consequence is = |1I=1 sipce I =115 L0 = 111

and I #£0 iof A#0 (mw/{hén (#0) .

[c) Involutive normeaf/(’mnach a/ﬂébm is an involutive a/febra/

which 15 at dthe same $ime a Mormeo{/erch a%ebm st
lall = lla*]
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Example. We brow from Lecture 4 that Bounded Maps (M, V) is a

Banach space for every Banach space V. If V=@ this is a
Banac) q/;edm with #e point-wise /nomko/o) mulz‘ifllcm‘mm:

(F-e)(e) = Fp)6(p)  (¥peM)
et us check the Banach /n@qun//v‘g:

IF-6| - sup |FG) 6(p)) < ( <up lF{p)|)($Mﬁ l@(¢>|)= IF 1 D6

pe peM qée M

If we set [ako nonogum) F*(p) := Ffp) for every pé M thew
the Banach algebra Bounded Haps (M,C) becomes a C*-a/gebm:

1P £1= s (7)) = o IR (s 1) - P

Exercise Suggest other examples when the Banach space

Bounded Haps /M} V) has a structure of a (**d%zém,

AVI&‘MZ[— Zxamavfé_ 07Z a Cﬁﬂfgebm /S #be q/gzbm 07/' 01//
bounded //nem- ofemﬁrs lhw  a ///(Aerz‘ s/mce ./'9&/7.Z we
S/Mﬂ fl"ﬁl/ﬁ {}z}s &fer [ this Zéév‘w?, course .

Functional caloulus in 4 Banach ﬂ{fzﬁra and slnecvlra of eloments

gbngwwmﬂ cMATA nLE 4 Eamxa/a 4AZ£5/)61 u melcf/ou Ha erereury

oo
Zémmﬂ 24 ﬁe series Zl Y, n a B&mmé f/oaa Vis canver;znb‘ )i,z.
ne=

v oo
3w = v, if [a suf/.’a'emfconallz‘/aw) the series n% A coMvLrges.

V=00 p=1

Hint for the proot.

k
2
"
Def. Series in a Banach spact s'a/lsfylry Hhe condition of Lemma J.1
are mZ&d abwén‘z% cohl/er?,m* /ab—wnmrﬂv dxogdtgu Pe;o&).

) < 5: [
"



119310 I‘OZZar 2. Fr an absolute series >
3 é (‘]1 h anso AJ wmver‘aﬂu'f n=ZJ v, for é(/er;/
change of enumeration ¢+ WE N the series > v, . is also

VI:i G’(m)
oo o
abso&n‘e% cm/e?zn% and M:Z! v, = néi Vwy -

émZZarq«zB (a ) Let Za and Zb be two abw/m‘ely

ouwvergzm‘ serles n a Bamcé m,/?z/)m A Then the series
> a, bh is also aéso@ﬁ% &014(/57,2;14 with refloeo% 42 any

m,n=|
wa of enwmemhng it (no otoweuue ke buru tazun wa ;{am,ou/mm)
and 2 a -bn= (%d,,,)(ib,n)

m,n=| it h=1
(b) Zez‘ Z Xy, 2" 4o a comyoéx power series that is absolute
wgrgent 'fof‘ [2|<r . Then it Ais a unital Banach a/;zbm

and lal) <t then the series

(%)

S x, a” = o, ‘H’L <, Q +o<la'z’+ e g absoéﬂ[e% wwﬁ%n/ﬂ

bot () = la bl = lalib = (Zlel)(Z10)
@ The  series Z \o( \ lal" i wnvzrgenf by assamption . on the other
hand | |a”| < 5; inducton from the Banach inequo 47 0

&mZZaqu Zéf 1/4 be a unital (/3mmcﬁ %eﬁm and ac
W/t{% ”0(“< /{éw the series

b— Z 0l amo( C = i (I{I'Z> 01“ absoﬁm‘é% wnl/érye

h=0
and (4 0‘) (4‘0\)-b=| ) c* - [ta,
e, b=(-a)" and c= (1+a)*
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M For V?é C the complex powes series %(f) z" = (({-2)?
(s abso%z‘e% omver?eut for 2]< (. S'o) “PPZ? (oroao\ry 2.3(b).

The identities ((~q) : (n% “”> =] and (i (l{f’) a“)’f: I+ a

n=0

tollow firet from ,Dufé% qu/ﬁm/c idertities

(202) (£ ) - £

~thece are identities of formal power series and 1%37, are ;/ehgmz[/h
sefies of a(?ebmlc Identities between the binomial coefficrent=<

(f}‘égt follow frow Q+ 2)f (Hz)v* = ((+2>h+%, for l2l< 1);
Sécomo(/ e series convzrye abso&f%e% c{/ue to l’ora(&:rg -2.3@)4 O

% \S;)eov‘rum of an elment [menf Ha eMMZW) ae A of a
unital Banach ﬂ@ﬁm A
6;(4) ;= {2 e C |§P ce / s.t. C-(a-z.l/]) = (a-z.iﬂ)-c = 1./}}

I the a/;ebm A does not fave a unit then we stitl can define
a Slpécvlrum of an eloment 1% "M{z/fnj a unit " 4o the a{ﬁébm,

which is a construction that we shall consldir later.

Resoluent (peg,onéenm) : Rm(2> = (a—z.”—i ) Vae C~ 6;'4(&>
resolvent iﬂ(én%iég (pezonbentno Tz;kgecréo) :

Ra®) = Ry(w) = (2-w) Ry (2)R4(w) V2w e CNG)(a)

((]: (a-;ﬂ, (a~w.l—0\+2.l) = (z2-w).{ |(0\_-W-')-l)

In pacticubar, R,(2) is a coutinuos function in 2 (and €V€M,ana(g£{c).

_’ .
M’;’ la'- b < lla') la-b{ b L O+ a s a

Lontinuous map
(o < - QS o)« — ]
[~ 117" || a-bll
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1310 Theorew 2.5. Ty every (nital ) Banach a@ﬁm A the spectrum ()
is @ nonewpty compacy subset of € for every ac A. Furthermore,

(@) = sup {121 ] 2eqm } < llall
‘Oﬁ(o.) is called spec%m/ radins of a /cne/er/omé;{ paguye wa a)_
Proo§.  compact set iw € = closed and bounded get
i) o (M is closed | or equivaleutly | €\ G;}(ad IS open .
(E\G’Vq(ﬁ\} is the domain where the resolyent exists. Then

R, (w) = (a-— 2.0+ (2-w). R,(2): (a~2,4))"i :

Y

J
- @2 ) (1 e R BN = (1R R

=) \,ﬂ_ 3¢ C\%(Q) and !I(Z-W)Ka({)“ <] ‘H\ZV\ ERQ(W>
e, la-wl< g @2)] !
e, we ([:\60’4(&). =D @\(;"A(ﬁ\) ls open.

M Let us point ont the examsion we have derlved above -
Rulw) = (1rf-lRGY RG) = 2 A (2)"™ (om0
which is absoZmLzéJ convergent for |z-wl< R (=),

i) ¢ (a) claec|lzl<la]}? &> C ei(a) 2 | ze€lzl>al}?
&rﬂ%r .

I RE) = -2 (1- La)! il ey Ital| <1 ie i} \21>lal,
L) W}u% G;’q(o\) is vwnzmpfg?

let v A—C be any bounded [/nearfumcz‘iana/ on A
ie. bec A* Bg the cesolyent idenfifg we obtain

Ra(2)) - Y[R, (W) = (2-w) w[Ry(2) Ra (W)
and  hence W(RQ(Z» (g an ana%ﬂc fwnm‘ian on C\%[a).
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S Mow it (@)= @ then CNgy(a) = C and P(R(2)) is aw
entice funchion (Wdna Ghyrxuuss = FYHcqu aramaguns (C)
{-vr é(/ef'g ve A*. But  dim P(ﬂa(z}))=0 Slnce

2> 0o

Ra(’ﬂ = 2! (J;_Ta ‘4)‘4——“’ 0 and ¥ is contlnuos .

2300

Hence | by the Lisuville's theorem [Teo/;emm 7 ﬂuét&m) P[ka(z)>= 0 for
Vwe A¥. @3 the Hahn-DBanach (Xau—BaHm) theorem' this thpﬂ\es
Rq(i)= 0 gfor VQQ (E , which Is Im,oosslbé ) sine (a“ 2'{u‘))'Ra(%) = 4 .
The latter contradicdion imp/les that G)‘A(O\B 2. 0

0 Mafm- Banach ‘éhZOFQM (mopena KA XaH—Ea/mx)

Qver—g bounded dinear functional V:W — € defined on a closed
linear subspace W SV of a Banach space V adwmits a continuation

y:V— C (W,W = ©) 4o a bounded limear funtional on U
such that (91 =]v] . O

Here we on@g use the ﬁ&owlmg wm%arg :

For even} honzero welV in a Banao/) space V there exists «a
bounded lnear fwnchonaz .V — € such that W[V) =4,

J)@QL. A division a(qebm (aAze5pa ¢ 3meuue) is a unital, assoclative
a(gebm (v which every honzero element is invertible .

&roaarté, d.6 If a Panach afgebm A is a division aé’ggbrq
thew A= C .

Proot. let ae A then ca(2) 1 9. If 2ecy(a) then a-2.1,
is non-tuvertible . =0 a-2.{,=0

)l:.e. atz.ld- |:|

Remark  Over the reals R there are three division a@ebmsl

which are Banach spaces with a continuons multipdication :

IR) (ﬁ 01140{ H (@Maférmoms = kémepmoﬁu).
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wisio  Theorem £.4 let A be a unital Banach a/gzbmj ie A
TA
T Ryla) = it dal = o ol

n24 n—-o0

Lewma 28
((au[ﬁg-ym{ﬁmmr/ theorem /-reopa/m Wo kowu-#gmMap)

Lot V be a Banach space and ZM: C,qa"‘} Cuév)ze(f
n=0

be a power series.

(a) If f ¢, 2 s absoén‘e%/ oam/zr?em,‘) Je.
o 0 Vi
2 fedlal"<co, then 2| < b inf o]
(b) If 2| < Z/Mm inf ” ¢, ”’{'/M then "5::0 ¢, 2" is
abso 447‘2% mm/z?ehf ,

E)(MW)P&. 7[)[2) = (l+2 = 2 (Zl) 2" is abso /yf,;% wmver?zm-/-
h=0

Vﬁpr }?:ls_{ but VZW‘ 2=-1 it has a mml/fam‘mh Fw’n%,
[Toz'/ca KO pasKknomnue)

flomark The mamber dim wd le ™" is alled radius of Convergence
(pa?w?,c Ha cxagumcv).

Proot of Lemma 2.8 (a) If i le, I 21" < & hen

Jkso st llellal" <K (e, =101, . 1)
(/'.z, e[cmem‘g o7L 7%2 series are /ww(w/ In mrm) .
= e 2] < k" (Yn) . = dimsp 1P 12l < 4,

- [2] < fim inf Hcmn-yw (5'"”’54 x 0 ox c/ecreas)’m;_
e fW"C‘lf/ﬁw /Wz/{é)ndém% géy///z7w>
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(b) I 12l < domint Nc) ™ or cquivalinty

/)n:_s'bb:f I ¢ “%"2| <1 ‘hen on% or an/zle number of values of
neAN | C’unl/ul%\ 24 and for the "f’”ﬂ"""ﬂf [ Cn“% |2 < A<,
= = [c. I 121" < Gaed + S A\M<o. O

n=p

h=

(JaroZZm‘g 29 WA is a unital Banach d/ﬁzbmj ae A
than () = lim sup Ja] ¥

Proof_ 1 2 //'m—Su/o [a“] ) = 1~l < Lim inf “aw“"/l’l

Thon the serles = -2 Ra [2) is
abso 47‘2? conwr;em‘ for )2)" < j{”’, =D 2 GF 6;)(@ jﬁpr

V022 . =D , > Pya) < Limsup lav

n—-«

(omvergw}) let l>ﬁ,4(a>. l—D 12//'#14514/0 lla"'lll/"'

For all |22+ 24 @/a\) 2 E)Rq(z)=-2"(l—az"’)".
As in dhe proof of Theorem 2§ (pmr'l’ (i) it follows that
g”/(l—&w)") is an Mﬂ%ﬁc Functlon for /4 {wl€2~1
and cwr% bouded lear V%cv‘/i:m[ b A— . The Tmy&r
serles of f”((/—cm)") is Eo p(a") w” and henee | it Is

abS‘oéfMLZ@ MMVZF?CWL /;yr [W, < «leﬂm ind [V[“M”FVM.
T’Aus’ , Jj‘ < Zlm :'wv[ ’W[o\“))‘%’) 0.2, _l P «gfm sup “W(;—:)

n—dco Nn—beco

S
s
ﬂ\)'
S
]
T
|
S
No
L
AN
|
l ———

‘4/”

(for all Aonwlu( [a; {;47—7’@



In /mrz‘/wér) the serles {W(;—:)}:O IS bouma(ecl fpr WWJ
bonnoled ¥ .

/3; the  Bopach - Stei haus /Eozmx— Lé;aéfwmgc> theorem =
it follows that :
IK>0 s.i.

aY

—_—

A‘VP
WA Lil;ll/)_:’:;p Ila”‘u%, u

< K (VMB AL sup th 1

n—oco

Y
Fe

*) @mw\cﬁ —Sy'l'eiw Mus /Z;mmx— L‘jal)f/ﬁ(maa) %Aﬁargm

let V be a Banac space and Z/Cw}:i/ < . Thew
it ofor every bounded linear functional ¥ :V = (

3 sup |(e) (ceo) Lhew 953,10 el (<o) -

Lemma 200 JF A ¢ a unital Banach a/;zbmj ae A
then  Lim sup [[a”| Voo lim "6?"”% = nm{ []a“[]'V”

n— oo

_@i It suffices to prove thot {Lim sup [[a¥l & < x{ [Ia”[]'V”

NnN—-He

since {im sup la*| Vo s Lim inf [|an|| Vo s M{ []a"["i/"'
n—o0 n—co ny

Q
et 4> inf L) <o A2 limsup an ¥

h2i
ép Smel st. Az la®l™ . Then for Yn=1,4,...
Jg=0,2,... and Ir=0_ ..

1= 1057 (5)

A/u

m-1{ s.t. m=zm+r,

s Sk forr=0,., w-y

< kVﬂ (}/n). =) l;//,ni,,i‘ﬁ,'o ]<_q;_t_>w

°D

‘.

Y
=) <

(2

- O



N.N

"% Mow Theorew 2% follows from éro%fz(;“ and Lemma Z.10.

lorollnries L (1. (Imp[icaf/ans (]Z'Dr‘ C*—a@dms)
let A be a unital C**-@/jé/)m ) acd.

(“) IJC a=aX da-(-f—fb A is herm/dtlaun /ep,w/zra/ eémenf)
ther P, ()= |al .

froof. [la* = laxal = [all*, (a¥)"= @) a” = Ja¥ll= fal’

S U B Y OB A EX I ELp

(5) [ = ()H(a*ay/‘ fe Wl a€A

Since (a"m)*= a“a  and la*a| = [lal*.

Remark (b) relates an a[gebrafc qhm‘/f? ﬂq(mm)‘é to a
140/90!07/&'5 Wmmﬂfj V-1 We witl s ézlér) (0 /ommrg 2/!(4)
that +his /'w;p//es that the C=norm when it exists | s

q(gzbm | é’/g dotorwined .

(C> IJ[ a*a =1 (gb a is l‘same#rg_/M3oM27pua\) or
a*a = [ = aa* (gb aA Is Mn}-}mrg/g_pmrﬂ/yeu eémgnf

then p,(a) = llall- 1.

Froof @Y a" = (. = (< 1@9)"a"l =la"1*. = [a"l|=1.

2 Jal=1 & py) = fim JarI* = L.

() B ais uniiarl then 6:4(q> < {%_e C | 12)= [},



W Prod By () < o)) e f2ec] (2l 1Y
Sinee a™'=a™ and (a-—z,!)%: —2'a—i<a - 27 4> 1“@%
éG;q[a) &= 27e gyla) . =D |elaf for 2€ 6;4/[01),
() I a=a (ais hermitian) dhen c*(a) € [lal,lal].
broot By () 6 (a) < {2eC | I2)s p@)=lal}).
It remains o prove that 6:4(-%) < //‘2);.2. that if 2€ C~N R

then 3 (a-2.1)" We chall use +the vzaaoW/'M? z‘dem‘/fi
x— A y-L /

—

JC’I-X gq.l - x+x }_Fx 22'(x‘5'>
Lei /'L>”01“ 'Uzeh: rep&clmg x H Qa gf—o % /’{r—bx)(
a-idl =2-id 1

_ - | = |
b a+il.l  2+id 4 a+ild. ! 2+tl 2;2,(& . )
L}H 2-iA
and a- ) (Ou-tl l)(éﬂ;w( T i)
where 1= (011-11 ) = R [2 which exists and is
a+il.

imveri-ib[c Since I:M > ”01” mm( than —ilé 6\;4(6%) 57 /“)-

2-i —ial
ﬂus} 266:4(01)4—1.) : éé;}(a )

2+i] a+id.

Bml a-idl i< Mwifm‘# [Chec/(!). Bét [d}

a+id.d

%(a—£2f> c {Wé(]: \ [W|=f§. On the other hand

a+ild. |l
~id /pmue ’) Fr -Hlls

?_-‘(‘l

is called fag&g/KeMM %mmg[ormaﬁw.) q”&;nu) 2 ¢ G:A (a) .

2c l &=V




e (3[) I]t a i inver%:'é,&) ie. a7 then alis contained in
the smalest closed subalge pra (Mo% A which contains
{a a* (1‘/\;5 is alled “the closed Sh/mfgzérﬁ
%znemr)-eo@ b% ()0\) a” >
(PF007£- We consider firct tha case a = a* /a /s hermitian) .
Then €~ 6:/}(01> 2 € [—llall) IIaI]] and €~ @;4(01> IS a

connecte d oper set [wﬁg7> . 0€ (C\é;}/a) AJ afcmwyaﬁms.

¢ [ 9 7;/@ Ae C with ’HDUQH'

~ e e =2 e C~ 6‘;4 [a) and even wore

Qa (A> = (a—l. ()4 = —)f’ %. a" X" - abso 4/77‘1? wm/ﬂgw{—
h=0

= Ra (M € ZL - TA/”' ‘éol/ce A wwﬁmwous wm/oac/ /ymlé
"< @\6;(0') which counects 0 anol A . /45 we know ﬁam

the proot of Theorem 1.6 Jor every MET e sertes

Rul2) = (- (- Ralp) R = % R ()" (o)

is absolute &owver?,eni in some disc ﬁ/q S5z . fp/ R, (2)

is wmvlmfnec/ 7£or‘ 2¢€ ﬂ/,, I'n é(/(ry 0{0564/ SMA@/;/A/‘&; 7LA£7l
conth Ins Ra [/4) Stnce M is tompact we can cover it

é} vﬁ‘lﬂl'éé Z\/,,a)-..)@//," so that S = A }/@,:ﬂ and

ﬂkHG A/,,K (k:O)--.) n-1) (Wl\%?> =D Rm[(?) = aﬁlé %
A/ow iq[ déA is arbitrary we App The preylous case
J 7

‘éﬁ a*a w/lose myerc s 0{{(&'“,)* anol Since

o= (a”a)gla* we %@} that ale Y .



b (éf) If éf s a unital C*—mbh(?,eém of 1/4) €. a
waﬂ[gébv"m which is *-invarlant and dosed with
¢ fo fhe VIOfMﬂ)pzlqﬂ( if acl  FHen %m"a/f

rzspec

26 C~Gy(a) ¢ R,(2) € & . Inother word,

(®) = ()
~ the spectrum s independent of Fha qéﬂﬂm,

(PFW'[A We /mve o prove that i a-2.1 is invertible mn A
and ae  Hhew (a—&.f)n, €& this Follows From /H

(7[) let A and T3 are Mnf?’:az 5”14/71,61'015' and € A~ T is a
morphism of wunital *~afg5bm: (i.e. om/g a/;ebm/c), Then

Y 1c bounded (ie., continuous ), and ¥1= 1.
Za-fer we shall prove that under the ahove conditions

2»][ b is a M@mamorpl'llﬁl’w [Ma}{aMp,OqéMgé’M Q(g‘fl) /(ér W=0)
i.e. ¥ waéC7Llam> 07l unital algebras thew P s /'Joh/zéfrg,

(u3ometpus) , i-e. [ e@)| = lall for al ac A

Remark Note we do not reguire that € is contlpmons (l.e.,
baundzo(} L is J'Mfz‘ an a/f/bmic morphism pfeferv,'ng the
Unit {Sﬂ[,{/J: {73> and the tuvo bation [V[a*‘>= [”/@)*)

Prm[- T he 1‘Mc/uS/'0M 6j/ﬂt) 2 GJB/P/Q)) (< OIAV/'WS Since
2eCyey(d) = 3(a-2 e d = I (pa)-2 1= pf(a-2.1)") €

Henee %«)r Vacd: Pu(e)- sup { 2| [2e64(6) | 2 - 260\6p (b))
2sup (2| 26 a5 (k(e))} = Pp () and fhen

ol =, (4)" s o (v v@)) " = 1@ Thus, ¥ is continuous
/bawm/eo/) and even (Y| <1 and sina (1) =1 thew lell= 1 O




